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Abstract
We give sufficient conditions for geodesics of Hofer’s metric in spaces of Hamiltonian deformations of zero
section in cotangent bundles over compact smooth manifolds to be minimal. We also prove that the induced
distance on the group of Hamiltonian diffeomorphisms gives rise to the distance which is the same as Hofer’s
distance.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The group of Hamiltonian diffeomorphisms of a symplectic manifold P is endowed with Finsler
metric introduced by Hofer [5]. The length of a path {φt}0t1 generated by the Hamiltonian H : [0,1]×
P →R is given by
lengthH
({φt}) :=
1∫
0
(
max
x∈P
H(t, x)−min
x∈P H(t, x)
)
dt.
It gives rise to the distance
dH (ψ,φ) := inf
H
lengthH
({φt})
✩ Author’s research is partially supported by the Serbian Ministry for Science, Technologies and Development Projects #1643
and #1863.
E-mail address: milinko@matf.bg.ac.yu (D. Milinkovic´).
0926-2245/02/$ – see front matter  2002 Elsevier Science B.V. All rights reserved.
PII: S0926-2245(02)00093-1
70 D. Milinkovic´ / Differential Geometry and its Applications 17 (2002) 69–81
between Hamiltonian diffeomorphisms ψ and φ, where the infimum is taken over all Hamiltonian flows
φt such that φ1 =ψ ◦ (φ)−1.
Geodesics on the group of compactly supported Hamiltonian diffeomorphisms of a symplectic
manifold endowed with Hofer’s metric have been studied by several authors (see [1,6,7,14,15]). In
the present paper, we study the minimizing property of geodesics in a space L(M) of Hamiltonian
deformations of zero section OM in a cotangent bundle T ∗M over a compact smooth manifold M .
Consider a path Lt := φHt (L0), where φHt is a Hamiltonian isotopy generated by a smooth compactly
supported Hamiltonian function H : [0,1] × T ∗M→R. The length of the path {Lt} is defined by
(1)length({Lt}) := inf
1∫
0
(
max
x
H(t, x)−min
x
H(t, x)
)
dt,
where the infimum is taken over all H such that φHt (L0) = Lt and maxx , minx are taken over x ∈⋃
t∈[0,1]Lt . For L0,L1 ∈ L(M) the Hofer distance d(L0,L1) is defined by
(2)d(L0,L1) := inf
H
{ 1∫
0
(
max
x
H(t, x)−min
x
H(t, x)
)
dt
∣∣∣∣φH1 (L0)= L1
}
.
Note that {Lt} depends only on values of H(t, x) for x near ⋃t Lt . Since the distance defined by (2) is
the infimum of lengths over all connecting paths, d does not depend on whether the maximum and the
minimum are taken over x ∈⋃t Lt or over T ∗M . In this paper maxx and minx will denote the maximum
and minimum over x ∈⋃t Lt . It is known that d is an invariant (with respect to the action of the group of
Hamiltonian diffeomorphisms of T ∗M) Finsler metric on L(M) (see [2,3,12]). This metric is essentially
unique if dim(M)  2: Chekanov proved in [3] that if dim(M)  2 then every invariant Finsler metric
on L(M) is a multiple of d (in fact, Chekanov proved this result in more general case of geometrically
bounded symplectic manifolds). There are plenty of invariant Finsler metrics on L(S1) (see [3]).
In [10] we proved, generalizing the similar result of [1] for Hamiltonian diffeomorphisms in R2n, that
every L ∈ L(M) has a flat C1-neighborhood. More precisely, let G be a C1 neighborhood of the zero
section OM such that if L ∈ G then L= Graph(dS) for some smooth function S on M . We proved that
for Li =Graph(dSi) ∈ G, i ∈ {0,1},
d(L0,L1)= ‖S1 − S0‖ :=max(S1 − S0)−min(S1 − S0).
As a corollary, we obtained the following description of geodesics on L(M).
Theorem 1 (Compare Theorem 8 in [10]). The path {Lt} in L(M) is a geodesic if and only if it is locally
(with respect to t) quasi autonomous.
(See Definition 10.)
In this paper we study the length-minimizing properties of the geodesics. Since the group Ham(T ∗M)
of compactly supported Hamiltonian diffeomorphisms acts transitively on L(M) and since Hofer’s metric
is invariant, it is enough to consider only the paths starting at OM . Therefore, we will always assume that
L0 = OM . Bialy and Polterovich proved in [1] that minimizing properties of geodesics on the space of
Hamiltonian diffeomorphisms in R2n are related to their bifurcation diagram. We prove the similar result
for the geodesics on L(M), more precisely, we prove (see Section 2 for definitions).
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Theorem 2. Let L : [0,1]→ L, t → Lt be a strongly quasi autonomous path. Suppose that its bifurcation
diagram is simple. Then
length
({Lt})= d(L0,L1).
Furthermore, we prove the following generalization of [14]:
Theorem 3. Let L : [0,1]→ L, t → Lt be an admissible path. Then
length
({Lt})= d(L0,L1).
As a corollary, we prove that (1) induces the path length on the group of Hamiltonian diffeomorphisms
of R2n that generates the same distance as Hofer’s length. More precisely let Γ denote the natural
inclusion Γ : Ham(R2n)→ L(S2n) (see Section 7).
Corollary 4. Γ ∗length = lengthH ; Γ ∗d = dH .
Our proofs are based on investigation of invariants introduced by Oh in [11–13].
2. Geodesics, action spectrum and bifurcation diagram
Let M be a compact smooth manifold. Its cotangent bundle T ∗M carries a natural symplectic structure
ω =−dθ associated to a Liouville form θ = pdq. For a given compactly supported Hamiltonian function
H : [0,1] × T ∗M→R consider the classical action functional AH(γ ) :Ω→R
AH(γ ) :=
∫
γ
p dq −H dt.
The first variation formula gives
dAH(γ )η=
1∫
0
[
ω
(
dγ
dt
, η
)
− dH (t, γ (t))η]dt − θη(1)+ θη(0).
Hence, the critical points γ : [0,1] → T ∗M of AH on
Ω := {γ : [0,1] → T ∗M | γ (0), γ (1) ∈OM}
are the solutions of
(3)
{
γ˙ =XH(γ ),
γ (0), γ (1) ∈OM.
Denote by Crit∗(AH) the set of critical points of AH |Ω , i.e.,
Crit∗(AH)=
{
γ : [0,1] → T ∗M | γ satisfies (3)}.
Paths γ ∈ Crit∗(AH) are in one-to-one correspondence with points in OM ∩ φH1 (OM).
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Definition 5. The set of critical values of AH in R
Spec(H) :=AH
(
Crit∗(AH)
)
is called the action spectrum of AH .
The action spectrum depends essentially only on L= φH1 (OM). More precisely
Proposition 6 (Proposition 2.6(1) in [12]). If L= φH1 (OM)= φK1 (OM), then
AH
(
φHt ◦
(
φH1
)−1
(p)
)−AK(φKt ◦ (φK1 )−1(p))= c(H,K)
for all p ∈ L. Furthermore, for a constant c0 ∈R
AH+c0
(
φ
H+c0
t ◦
(
φ
H+c0
1
)−1
(p)
)=AH (φHt ◦ (φH1 )−1(p))+ c0.
Therefore, by appropriate normalization of Hamiltonians, we can assume
AH
(
φHt ◦
(
φH1
)−1
(p)
)=AK(φKt ◦ (φK1 )−1(p))
as long as φH1 (OM)= φK1 (OM).
The normalization of Hamiltonians is discussed in [12, Section 9]. We describe the normalization
introduced in [10]. Denote by WH the wave front of H :
WH :=
{
(q, s) ∈M ×R | q = π(x), s =AH
(
φHt ◦
(
φH1
)−1
(x)
)
, x ∈L}.
Then, if φH1 (OM)= φK1 (OM) and WH =WK then Spec(H)= Spec(K).
LetH(M) be a set of Hamiltonians normalized so that their wave fronts depend only onL := φH1 (OM):
H(M) := {H ∈ C∞0 ([0,1] × T ∗M) | max
(x,s)∈WH
s + min
(x,s)∈WH
s = 0}.
Definitions (1) and (2) remain the same if we take infimum over H ∈H(M) only. Indeed, it is obvious
that
inf
H∈C∞0 ([0,1]×T ∗M)
{ 1∫
0
(
max
x
H(t, x)−min
x
H(t, x)
)
dt
∣∣∣∣φHt (0M)= Lt
}
(4) inf
H∈H(M)
{ 1∫
0
(
max
x
H(t, x)−min
x
H(t, x)
)
dt
∣∣∣∣φHt (0M)=Lt
}
.
For every H ∈ C∞0 ([0,1] × T ∗M) there exists c0 ∈ R and χ ∈ C∞0 (T ∗M) such that χ = 1 in an open
neighborhood of
⋃
t suppH(t, ·), χ  1, and Hc0,χ := (H + c0)χ ∈H(M). Since Hc0,χ generates Lt
and
max
x
H c0,χ (t, x)−min
x
H c0,χ (t, x)max
x
H(t, x)−min
x
H(t, x)
it follows that (4) is an equality. We will denote the set of normalized Hamiltonians byH(M). Restricting
the choice of Hamiltonians to this set, we can write
Spec(L) := Spec(H)
for H ∈H(M) and L= φH1 (OM).
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The following lemma describes the size of set Spec(H) (see [6,12]).
Lemma 7. The action spectrum Spec(H) is a compact nowhere dense subset of R.
Let {Lt}0t1 be a smooth regular path in L, i.e., ddt Lt = 0 for every t ∈ [0,1].
Definition 8.
(1) Lt is called a minimal geodesic if length({Lt})= d(L0,L1).
(2) Lt is called geodesic if it is a minimal geodesic locally on [0,1].
Recall that (φHt )−1 = φ Ht , where H(t, x)=−H(t,φHt (x)). Since
max
x∈T ∗M
H =− min
x∈T ∗M
H, min
x∈T ∗M
H =− max
x∈T ∗M
H,
the following lemma is a simple consequence of the invariance of d:
Lemma 9. φHt (OM) is a (minimal) geodesic if and only if φ Ht (OM) is a (minimal) geodesic.
Proof. Let φHt (OM) be a minimal geodesic. Then
d
(
OM,φ
H
1 (OM)
)= d(φH1 (OM),φH1 ◦ φ H1 (OM))
= d(φH1 (OM),OM)
= length(φHt (OM))
= inf
H
1∫
0
(
max
x∈T ∗M
H(t, x)− min
x∈T ∗M
H(t, x)
)
dt
= inf
H
1∫
0
(
max
x∈T ∗M
H(t, x)− min
x∈T ∗M
H(t, x)) dt
= length(φ H1 (OM)),
i.e., φ Ht (OM) is a minimal geodesic. ✷
Definition 10.
(1) The function H : [0,1] × P → R is called quasi autonomous if there exist t-independent points
x+, x− ∈ P such that
max
x∈P
H(t, x)=H(t, x+) and min
x∈P H(t, x)=H(t, x−)
for every t .
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(2) We call the Hamiltonian deformation Lt of the zero section OM quasi autonomous if it is generated
by family of Hamiltonians H(t, x) which is quasi autonomous on
⋃
t Lt , i.e., such that there exist
t-independent points x+, x− ∈⋃t Lt , where Lt := φHt (OM), such that
(5)max
x∈⋃t Lt H (t, x)=H(t, x+) and minx∈⋃t Lt H (t, x)=H(t, x−)
for every t .
(3) We call the path Lt locally quasi autonomous if for every t0 ∈ (0,1) there exists ε > 0 such that path⋃
t∈[t0−ε,t0+ε]Lt is quasi autonomous.(4) We call the path Lt strongly quasi autonomous if it is generated by Hamiltonian H which is quasi
autonomous on
⋃
t Lt , and if there exists an open neighborhood U of
⋃
t∈[0,1]Lt such that
H(t, x−)H(t, x)H(t, x+), for x ∈U,
where x± are as in (5).
(5) Strongly quasi autonomous path Lt is called admissible if x ∈ Lt0 ∩ 0M for some t0 ∈ (0,1] implies
x ∈Lt ∩ 0M for every t ∈ (0,1] and if x± are isolated, in a sense that Lt ∩ 0M ∩U± = {x±} for every
t and for some open sets U±.
The function H :P →R is quasi autonomous if and only if
1∫
0
(
max
x∈P
H(t, x)−min
x∈P H(t, x)
)
dt =max
x∈P
1∫
0
H(t, x) dt −min
x∈P
1∫
0
H(t, x) dt
(see [1,6]). Autonomous Hamiltonians are obviously quasi autonomous. If H is a quasi autonomous
Hamiltonian on symplectic manifold P , then Graph(φHt ) ⊂ P × P− is strongly quasi autonomous.
Theorem 2 states that strongly quasi autonomous paths are minimal geodesics. If H is strongly quasi
autonomous with x± as in (5), then obviously φHt (x±)= x± for all t .
Set Hs(t, x) := sH(st, x). Note that Hs generates φHst .
Definition 11. The bifurcation diagram corresponding to the Hamiltonian deformation Lt := φHt (OM) is
the set
Σ(H) := {(s, y) ∈R2 | s ∈ (0,1], y ∈ Spec(Hs)}.
Let H be strongly quasi autonomous, and let Γ H+ , Γ H− ⊂R×R be the graphs of
γ H+ (s) := −
s∫
0
min
x∈⋃u∈[0,s] LuH
s(t, x) dt, γ H− (s) := −
s∫
0
max
x∈⋃u∈[0,s] Lu H
s(t, x) dt.
Note that, since φHt (x±)= x±,
AHs
(
φH
s
t (x±)
)=−
s∫
0
Hs(t, x±) dt = γ H± (s),
and thus Γ H± ⊂Σ(H).
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Definition 12. Σ(H) is called simple if the following two conditions are satisfied:
• Either γ H+ (s) = 0 for all s, or for each τ > 0 and for each continuous function u : [τ,1] → R such
that Graph(u)⊂Σ(H) and u(τ)= γ H+ (τ ) holds u(1) γ H+ (1).• Either γ H− (s) = 0 for all s, or for each τ > 0 and for each continuous function u : [τ,1] → R such
that Graph(u)⊂Σ(H) and u(τ)= γ H− (τ ) holds u(1) γ H− (1).
According to Proposition 6, simplicity is a property of a Lagrangian deformation, independent of a
particular choice of Hamiltonian generating it.
3. Invariants via Floer homology
In this section we briefly recall a construction of symplectic invariants by Oh [11–13]. For H ∈
C∞0 ([0,1]×T ∗M) Floer chain complexes CF∗(H) are defined as free Z-modules over Crit∗(AH) where
XH is a Hamiltonian vector field corresponding to H . They are graded by the Maslov index, and filtered
by level sets of AH . More precisely, CFλ∗(H) denotes a free Z-module over
Critλ∗(AH) :=
{
γ ∈ CF∗(H) |AH(γ ) λ
}
.
Floer homology groups HF∗(H) are defined as homology groups of CF∗(H)with respect to the boundary
homomorphism
∂ : CF∗(H)→CF∗(H), ∂(x) :=
∑
y∈CF(H)
n(x, y)y,
where n(x, y) is the number of solutions of the “negative gradient flow of AH”
(6)


∂u
∂τ
+ J (∂u
∂t
−XH(u))= 0,
u(τ,0), u(τ,1) ∈OM,
u(−∞, t)= x(t), u(+∞, t)= y(t).
Here J is some almost complex structure compatible with the symplectic form. Since AH decreases
along its “negative gradient lines” (6), ∂ restricts to CFλ∗(H); corresponding homology group is denoted
by HFλ∗(H). An inclusion CFλ∗(H)→ CF∗(H) induces a homomorphism
jλ∗ : HF
λ
∗(H)→HF∗(H).
Oh [12] defined for a generic H ∈ C∞0 ([0,1] × T ∗M)
ρ(H)= inf{λ | jλ∗ : HFλ∗(H)→HF∗(H) is surjective},
and proved that it depends only on L := φH1 (OM), but not on a particular choice of normalized H that
generates L (see Theorem 8.1 in [12]). Main properties of ρ are summarized in the following
Proposition 13 (Proposition 1 in [10]). Function ρ :H(M)→R satisfies:
(1) If L := φH1 (OM)= φK1 (OM) then ρ(H)= ρ(K); hence we can denote ρ(H) by ρ(L).
(2) ρ(H) ∈ Spec(H).
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(3) − ∫ 10 maxx∈T ∗M(H(t, x)−K(t, x)) dt  ρ(H)− ρ(K)− ∫ 10 minx∈T ∗M(H(t, x)−K(t, x)) dt . In
particular, ρ is C0-continuous (this extends the definition of ρ to all, not necessarily generic,
H ∈H(M)) and monotone, i.e., if K H then ρ(H) ρ(K).
(4) ρ(0)= 0.
(5) ρ(φH1 (OM))+ ρ((φH1 )−1(OM)) d(OM,φH1 (OM)).
(6) If S :M → R is a smooth function, then ρ(−π∗S) = maxS, where π :T ∗M →M is a canonical
projection.
Statements (1)–(4) are proved in [12], and (5) is an easy consequence of (3) and (4). Proof of (6)
follows from the non-triviality of cap action (similar arguments are used, for example, in [4,8,13]). We
refer the reader to [10] for more details.
Remark 14. Wave front, action spectrum and the normalization depend only on value of H near⋃
t∈[0,1]φ
H
t (OM). Therefore, we can cut-off H away from an open neighborhood of that set, and take
min and max in Proposition 13(3) only over x ∈⋃t∈[0,1]φHt (OM).
Remark 15. There is a family of similar invariants, parameterized by closed submanifolds N ⊂M and
homology classes a ∈ H∗(N). These invariants can be considered as an infinite dimensional analog of
Viterbo’s invariants for generating functions [16] (see [9] for more details).
4. Example
Let S :M→R be a smooth function such that minS = 0. Consider the Hamiltonian HS,a :T ∗M→R
defined as
(7)HS,a(t, x) :=
(
a(t)+ S(π(x)))χ(x),
where χ :T ∗M → R is a compactly supported function equal to 1 in an open neighborhood of
Graph(dS), and π :T ∗M→M the natural projection.
Lemma 16. ρ(HS,a)=−
∫ 1
0 a(t) dt .
Proof. Note that in a neighborhood of Graph(dS) XHS,a = XS , where XF is the Hamiltonian vector
field corresponding to F . Therefore Crit∗(AHS,a ) = Crit∗(AS). Since Eqs. (3), (6) (and thus the Floer
complex) are determined by Hamiltonian vector field, and since for γ ∈ Crit∗(AHS,a )
AHS,a (γ )=−
1∫
0
a(t) dt +Aπ∗S(γ ),
it is easy to see that
(8)ρ(HS,a)=−
1∫
0
a(t) dt + ρ(π∗S).
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However, by (6) in Proposition 13
(9)ρ(π∗S)=max(−S)=−minS = 0.
Lemma follows from (8) and (9). ✷
Corollary 17. Let Lt be a strongly quasi autonomous path in L(M), and let H be as in Definition 10(4).
Then there exists ε > 0 such that for any s < ε
ρ
(
Hs
)
−
s∫
0
min
x∈⋃u∈[0,s]Lu H
s(t, x) ds.
Proof. Note that, since H is strongly quasi autonomous, Hs(t, x) := sH(st, x) is also strongly quasi
autonomous for any fixed s. For ε small enough there exists a t-dependent family of smooth functions
ft :M→R
such that
Lt =Graph(dft)
for t < ε. In other words, π :Lt →OM is one-to-one. In particular, since φHt (x−)= x−,
π−1(x−)∩
⋃
t∈[0,ε]
Lt = {x−}.
Therefore, there exists a non-negative S :M→R with minS = 0 and a cut-off function χ as in (7) such
that for x ∈⋃t∈[0,ε]Lt
H s(t, x)
(
Hs(t, x−)+ S(π(x))
)
χ(x).
The proof now follows from monotonicity ((3) in Proposition 13 and Remark 14) and Lemma 16 with
a(t)=Hs(t, x−). ✷
5. Proof of Theorem 2
Proof follows the lines of Theorem 2.2.B in [1] with ρ playing the role of the selector γ introduced
in [6] and used in [1].
Let H be a Hamiltonian such that Lt = φHt (OM). If H ≡ 0 then Lt ≡OM is obviously a geodesic. Let
H /≡ 0.
Assume first that γ H+ (t) = 0 for some t . Then
(10)ρ(H) γ H+ (1).
Indeed, by Corollary 17
(11)ρ(Ht) γ H+ (t)
for small t . From Proposition 13 it follows easily that the function
u : [τ,1]→R, u(t)=min{ρ(H t), γ H+ (t)}
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is continuous. By (2) in Proposition 13
(12)ρ(Ht) ∈ Spec(Ht).
Since φHt (x±)= x±,
(13)γ H+ (t) ∈ Spec
(
Ht
)
.
From (12) and (13) it follows that
(14)Graph(u)⊂Σ(H).
By (11), if τ is chosen to be small enough,
(15)u(τ)= γ H+ (τ ).
Now, by (14), (15) and simplicity of Σ(H), we have (10).
Recall that (φH1 )−1 = φ H1 , where H(t, x) = −H(t,φHt (x)). After cutting of H away from
⋃
Lt if
necessary, H is strongly quasi autonomous. Furthermore,
(16)γ H± (t)=−γ H∓ (t),
and thus the bifurcation diagram Σ(H) is simple. Applying (10) to H(t, x) we get
(17)ρ((φH1 )−1(OM))= ρ(φ Ht (OM))
−
1∫
0
min
x
H(t, x) dt
=−
1∫
0
min
x
{−H(t, x)}dt
=
1∫
0
max
x
H(t, x) dt
=−γ H− (1).
Adding (10) and (17) we obtain
(18)γ H+ (1)− γ H− (1) ρ
(
φH1 (OM)
)+ ρ((φH1 )−1(OM)).
According to (5) in Proposition 13, (18) implies
γ H+ (1)− γ H− (1) d(OM,L1)
and therefore
(19)d(OM,L1)= length
({Lt}).
Assume now that γ H+ (t)= 0 for all t . Then H  0 and, since H /≡0, there exists t such that γ H− (t) = 0.
By (16) γ H+ (t) = 0 for some t . Therefore, repeating the same arguments as in the proof of (19) for
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Lt := φ Ht (OM) instead of Lt , we obtain
d(OM,L1)= length
({Lt }).
The result now follows from Lemma 9. ✷
Remark 18. In the proof, we used the simplicity of Σ(H) only on the interval (ε1,1] for some ε1 < ε,
where ε is as in the Corollary 17.
6. Proof of Theorem 3
Let Lt,U± be as in Definition 10(5), and let H be a strongly quasi autonomous Hamiltonian such that
Lt = φHt (0M). Let us choose ε1 < ε for ε be as in Corollary 17. Then there exists δ > 0 such that
(20)∥∥(φHt )−1(x)∥∥g > δ
for t > ε1 and x ∈U±. Here ‖ · ‖g denotes the norm with respect to some metric g on the fibers of T ∗M .
For small ε0 > 0 let S :M→R be a smooth function such that
S(q)=
{±ε0, for q near x±,
0, for q outside U± ∩ 0M,
and
(21)‖dS‖g < δ.
Consider the Hamiltonian K(t, x) := H(t, x) + π∗S((φHt )−1(x)). It is strongly quasi autonomous and
generates the Hamiltonian diffeomorphism φKt = φHt ◦φπ∗St . It follows from (20) and (21) that for t > ε1(
φHt
)−1
(0M ∩U±)∩ φπ∗St (0M ∩U±)= ∅,
i.e., φHt (0M)∩ 0M = φKt (0M)∩ 0M for t > ε1. Therefore,
Σ(K)∩ (ε1,1] ×R=
{(
s,
s∫
0
K(t, x) dt
) ∣∣∣∣x ∈ L1 ∩ 0M, s ∈ (ε1,1]
}
.
By the construction of K , the bifurcation diagram Σ(K) is simple on interval (ε1,1]. Therefore, by
Theorem 2 and Remark 18
(22)d(0M,φK1 (0M))= length({φKt }).
Also
(23)
1∫
0
(
max
x
(
H(t, x)−K(t, x))−min
x
(
H(t, x)−K(t, x)))dt  2ε0.
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From (22) and (23) we get
length
({
φHt (0M)
})

1∫
0
(
max
x
H(t, x)−min
x
H(t, x)
)
dt
+
1∫
0
(
max
x
(
H(t, x)−K(t, x))−min
x
(
H(t, x)−K(t, x)))dt
= d(0M,φK1 (0M))
+
1∫
0
(
max
x
(
H(t, x)−K(t, x))−min
x
(
H(t, x)−K(t, x)))dt
 d
(
0M,φK1 (0M)
)+ 2ε0
 d
(
0M,φH1 (0M)
)+ d(φH1 (0M),φK1 (0M))+ 2ε0
 d
(
0M,φH1 (0M)
)+ 3ε0.
Since ε0 is arbitrary, it follows that length({φHt (0M)})= d(0M,φH1 (0M)), i.e., {Lt} is a geodesic. ✷
7. Distance on Ham(R2n)
According to Theorem 1.3.D in [1] a regular path in a group Ham(R2n) of compactly supported
Hamiltonian diffeomorphisms of R2n is a geodesic if and only if it is generated by a locally quasi
autonomous Hamiltonian function. In particular, for every t0 ∈ (0,1) there exists ε > 0 and x± ∈
supp(φHt ) such that φHt (x±)= x± for t ∈ (t0 − ε, t0 + ε).
The graph of every ψ ∈ Ham(R2n) is a Hamiltonian deformation of a diagonal ∆⊂ R2n × R2n. The
mapping(
R
2n ×R2n, dq ∧ dp− dQ∧ dP )→ (T ∗∆,−d(p dq)),
(q,p,Q,P ) →
(
q +Q
2
,
p+P
2
,P − p,q −Q
)
is a symplectomorphism. Since ψ is compactly supported, the image Γψ of Graph(ψ) coincides with the
zero section of T ∗∆ outside a compact set. Thus, after adding the fiber at infinity, Γψ can be considered
as a Hamiltonian deformation of the zero section in T ∗S2n. This correspondence defines the mapping
Γ : Ham
(
R
2n)→L(S2n), Γ (ψ)= Γψ.
By Theorem 1, if {φHt } is a geodesic in Ham(R2n), then {ΓφHt } is a geodesic in L(S2n). Minimizing
geodesics described by Theorem 2 have at least two fixed points x±, however, not every (locally) quasi
autonomous path in L(S2n) has a fixed point. This means that {Γ (φHt )} can be a geodesics even if {φHt }
is not. Hence, if length is as in (1), lengthH Hofer’s length on Ham(R2n) and
lengthΓ
({φt}) := length({Γ (φt )})
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then lengthΓ = lengthH . Nevertheless, if
dΓ (φ0, φ1) := inf lengthΓ
({φt })
then dH = dΓ . Indeed, let c(·,Γψ) :H ∗(S2n)→R be the Viterbo’s invariants [16]. Then, if ψ is C1 close
to id
(24)dH (ψ, id)= c(µ,ψ)− c(1,ψ)
(see [1]). On the other hand, it was proved in [9] that
(25)c(µ,ψ)− c(1,ψ) d(Γψ,0M).
Since
d(Γψ,0M) dΓ (ψ, id) dH(ψ, id),
(24) and (25) give dΓ = dH C1-locally, and hence globally, since both dΓ and dH are intrinsic. By the
same argument
Γ ∗d = dH .
This proves Corollary 4.
According to Theorem 1 the existence of geodesics in L(S2n) without fixed points means that the
conditions of Theorem 2 are only sufficient, but not necessary for geodesics to be minimal.
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